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of
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amplitude 1.0
1.0 and
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0.1. The
The discs
circle
diameter of
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thereconstructed
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computed tomographic
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of
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Teniterations
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ofART
ARTare
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used in
in all
all of the present
examples.
the visual
visual task
task to
to be
beperformed
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is the
the detection
detectionof
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thelowlow-contrast
discs. To
examples. ItIt is
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assumed that
that the
contrast discs.
produce
noise is added to
to the
the projection
projectionmeasurements
measurements using
using aaGaussian
Gaussian-distributed
produce noisy
noisy data,
data, random noise
-distributed
number generator.
random number
The
12 noiseless
noiseless views
shown in Fig.
Fig. 2. The
The result
result of reconstructing Fig. 11 from
from 12
views spanning
spanning 180°
180° isis shown
seemingly random
limited number of
of
seemingly
randomfluctuations
fluctuationsininthe
the background
backgroundare
are actually
actually artifacts
artifacts produced
produced by
by the limited
projections
and
arise
mainly
from
the
high-contrast
discs.
As
the
artifacts
depend
on
the
positions
of
the
projections and arise mainly from the high- contrast discs. As the artifacts depend on the positions of the
discs, itit is
allow for
for random
discs,
is important
important to allow
random placement
placement of
of the
the discs
discs to
to allow
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for the
the full
full range
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Figure 2:
Reconstructions of Fig. 11 from
from12
12 noiseless
noiseless parallel projections
projections subtending
subtending 180°
180° obtained
Figure
2: Reconstructions
obtained with
10 iterations
(left) without
without the nonnegativity
nonnegativity constraint.
These
10
iterations of
of the
the ART
ART algorithm
algorithm (right)
(right) with
with and
and (left)
constraint. These
reconstructions were
1.0 and rr^, = 0.8.
0.8. These
reconstructions
wereobtained
obtained with
with A0
ao == 1.0
These images
images are
are displayed
displayed at
at high
high contrast
contrast to

show the
the low
- contrast discs
discs of
of interest.
interest.
show
low-contrast
appears
the nonnegativity
nonnegativity constraint
constraint improves
improves the reconstruction
reconstruction considerably
has reduced
reduced
appears that
that the
considerablyin
in that
that it has
the confusion
confusion caused
in the
the background.
background. However,
However, some
some of
of the
the low
low-contrast
discs have
caused by
by the fluctuations in
-contrast discs
have
been reproduced.
reproduced. Also, there still remain many fluctuations in the background that
not been
that may
may mislead
mislead one
one to
to
suspect
the
presence
of
discs
in
places
where
none
exist
in
reality.
Thus,
on
the
basis
of
this
single
example,
suspect
presence discs places where none exist reality. Thus, on the basis of this single example,
one
cannot say
say with
with certainty whether
-contrast discs
one cannot
whether or
or not
not the
thedetection
detectionofofthe
thelow
low-contrast
discs is
is improved
improved by the
the
nonnegativity constraint.
constraint. A
between reconstructions
reconstructions with
with and
and without
without
nonnegativity
A statistically
statistically significant
significant comparison
comparison between
the constraint must be made
made to
to assess
assess its
its value.
value.
The
- contrast discs.
The task to
to be
beperformed
performedisisthe
thedetection
detectionofofthe
thelow
low-contrast
discs. It is
is assumed
assumed that the
the position
position
of a possible
disc isis known
known beforehand,
beforehand,asas isis the
the background.
background. To perform
possible disc
perform the stated
stated task
taskofofdetection,
detection,
it is
variable. This
is assumed
assumed that the
the sum
sum over
over the
the area
area of
ofthe
thedisc
disc provides
provides an
an appropriate
appropriate decision
decision variable.
This is
an approximation
of the
the optimum decision
variable when
when the
the image
image isis corrupted
corrupted by
by additive uncorrelated
an
approximation of
decision variable
uncorrelated
Gaussian noise [7].
[7], After reconstruction,
reconstruction, the sums
sums over
over each
each region
region where
where the
the lowlow-contrast
objects are
contrast objects
known to
calculated, as
well as
those over
over each
These two
two data sets
sets
known
to exist
exist are
are calculated,
as well
as those
each region
region where
wherenone
noneexist.
exist. These
may
be represented
as histograms
may be
represented as
histograms in this decision
decision variable.
variable. The
The degree
degree of
of separation
separation between
between these
these two
two
distributions
distributions isis often
often characterized
characterized by
by the
the detectability index d',
d', given
given by the
the difference
difference between
between the means
means
of these
square root of
of the
the average
average of
of their
their variances.
variances. This
This isis sometimes
sometimes called
called
these distributions
distributions divided
divided by
by the square
the signal
signal-to-noise
area
-to -noiseratio
ratio(SNR)
(SNR)for
fordetection.
detection.As
Asnoted
notedininRef.
Ref. [2],
[2],the
the detectability
detectability index based on the area
under
curve d&
d1
under the
the receiver
receiver operating
operating characteristic curve
dAisismore
moreappropriate
appropriatefor
forthe
the binary
binary decision
decisiontask.
task. But d'
statistical accuracy
accuracy than
thandA
d& and
and is
is more
more likely
likely to
continuous function
has better statistical
to be
be a continuous
function of
of the
the parameters
parameters that
can
makes dd'1 preferable
preferable for
for the purpose
purpose of
of optimization.
optimization.
can be
be varied
varied in
in the
the reconstruction procedure.
procedure. This makes
When
When ten randomly
randomly generated
generated scenes
scenes similar
similar to Fig.
Fig. 1
1 are reconstructed
reconstructed and analyzed
analyzed to obtain
obtain an
an
averagevalue
valuefor
ford',
d', itit is
average
is found
found that
that d'd is
f is0.871
0.871for
forunconstrained
unconstrained reconstructions
reconstructions and 2.054
2.054 for
for those
those
employing
Indeed, the nonnegativity constraint
constraint has
has improved
improved detectability.
detectability.
employingthe
thenonnegativity
nonnegativity constraint.
constraint. Indeed,
Fig. 33 shows
for optimization functions depend
shows how various choices
choices for
depend on
on Ao
A0 and
and rA
r\ for constrained
constrained ART.
ART.
L1 difference
differenceisisbased
basedon
onthe
the LI
L1norm
normof
ofthe
the difference
differencebetween
betweenthe
thereconstruction
reconstruction and the original image.
The LI
XZ. There
There is a definite
The rms residual is
is essentially
essentially V^?definite minimum
minimum in these functions
functions indicating optimum
The
operating points
points for
for these
these two
two parameters.
parameters. However,
the minima
minima are
are at different
operating
However, the
different positions. Which
Which one
one do
do
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3: Contour plots of
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optimization functions
four optimization
of four
Figure 3:
noiseless,
12
of
consist
measurement
The
algorithm.
Al)
and
rA
used
in
the
constrained
ART
reconstruction
algorithm.
The
measurement
consist
of
12
noiseless,
reconstruction
A0 and r\ used in the constrained ART
by
necessitated
functions,
these
of
points)
10
x
(10
sampling
coarse sampling (10 x 10 points) of these functions, necessitated by
180°.°. The
The coarse
parallel projections spanning 180
effects.
scalloping
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Figure
Figure 4:
4: Optimized reconstructions of Fig. 11 from 12 noiseless
noiselessparallel
parallelprojections
projections subtending
subtending 180°
180° obtained
obtained
with
left is
is obtained
with constrained
constrained ART.
ART. The
The reconstruction on the left
obtained with
with Ao
A0 = 2.96
2.96 and rA
rA =
= 0.975,
0.975, which
which is
the optimum
optimum for
is obtained
obtained with
with Ao
A0 —
3.25 and rA
for detectability.
detectability. The reconstruction on the right is
r\ =
— 0.975,
0.975,
= 3.25
which
difference between
which produces
producesthe
the smallest
smallest rms
rms difference
betweenthe
the reconstruction
reconstruction and
and the original image.
image. Although
Although
the
rms error in the
the reconstruction
reconstruction is
the rms
is aa common
common measure
measure for the quality
quality of
of reconstruction,
reconstruction, itit yields
yields more
more
visible
from its
its optimum
optimum of
of 23.5
23.5 to
to 12.6.
12.6.
visibleartifacts
artifacts and
and reduces
reduces dd'9 from
we
we choose?
choose?Fig.
Fig. 44 shows
showsthe
the reconstructions
reconstructions obtained
obtained using
using the
the relaxation
relaxation parameters
parameters for optimization with
respect
respect to
to 100/d'
100 /d' and
and the rms error in the reconstruction.
reconstruction. There
There is
is an
an enormous
enormous improvement
improvement in the quality
quality
of both reconstructions
reconstructions over those shown
shown in Fig.
Fig. 2.
2. Optimization
Optimization with
100/d'
with respect
respect to
to 100
/d' appears
appears to
to be
preferable
twice as
optimization with
preferablebecause
becauseitityields
yieldsaadd'f that
that is twice
as large
large as
as the
the optimization
with respect
respect to
to rins
rms error.
error. The
The
latter also leads
annoying streak artifacts, which
which are quite visible
visible in
leads to annoying
in a good display
display of
of the
the reconstruction.
reconstruction.
same kind
The same
kind of contour
contour plots
plots for
for unconstrained ART are relatively flat and uninteresting.
uninteresting.
Fig.
shows reconstructions
Because of the
views, the
Fig. 5 shows
reconstructions obtained
obtained from
from noisy
noisy data.
data. Because
the large number of views,
the data
are complete.
complete. For the unconstrained
unconstrained and
and constrained
constrained reconstructions,
reconstructions, d'
d 1 isis found
found to
tobe
be1.995
1.995and
and1.825,
1.825,
are
respectively.
case the
nonnegativity constraint
constraint has worsened
worsened detectability,
respectively. In
In this
this case
the nonnegativity
detectability, contrary
contrary to
to what
what might
might
be
concluded from
calculate these detectabilities
be concluded
fromaa first
first glance.
glance. The
The CPU time required to calculate
detectabilities took about
about one
one
8700, which
whichisis about
about four
four times faster than
hour on a VAX
VAX 8700,
than aaVAX
VAX 785.
785.
The optimum values for Ao
and r\
ra were
AQ and
were found for various
various conditions
conditions of data
data collection
collection using aa function
function
minimizer
called E04JB3.
finds the parameters
parameters for
for the
the minimum
minimum of
of aa
minimizerfrom
fromthe
the NAG
NAGlibrary
library'1 called
E04JB3. This routine finds
function after
function. From
From 20
20 to
to 100
100 function
function
after many
many evaluations
evaluations of
of the
the function.
function evaluations
evaluations are
are required
required for
for the
the
cases
cases studied
studiedhere.
here. Table
Table 11 tabulates
tabulates the results obtained with
with unconstrained ART.
ART. In
In most
most cases
cases relatively
relatively
little improvement
improvement in
in detectability
detectability is
is achieved
achieved by
by optimization
optimization compared
comparedto
to that
that obtained with the
the nominal
nominal
relaxation
the noiseless
noiseless cases,
cases, aa value
value of
of unity
unity for
for AK
A^ yields
relaxation factors.
factors. In the
yields essentially
essentially the same results as
as the
the
optimized values,
agreement with common
common practice.
However, for
optimized
values,aa choice
choicethat
that is
is in agreement
practice. However,
for noisy
noisy data itit seems
seems
desirable
desirablefor
for r\
rAtotobe
be less
less than
than unity and,
and, when
when there
there are
aremany
manyviews,
views, Ao
AQ should
should be
be small.
small. These
Thesechoices
choices
are reasonable
significant averaging
are
reasonable as
as they
they promote
promote significant
averagingover
overall
allthe
theviews.
views. As
As aa rule
rule of thumb,
thumb, for noisy
noisy but
complete
completedata,
data, the
the relaxation factor should
should be approximately
approximately equal to the
the reciprocal
reciprocal of
of the
the number
number of
ofviews
views
for
few iterations.
for the last few
The results
The
results of
of optimizing
optimizing constrained
constrained ART
ARTare
are presented
presentedinin Table
Table 2.2. The nonnegativity
nonnegativity constraint
constraint is
Numerical
'Numerical Algorithm
Algorithm Group,
Group, 7 Banbury Road,
UK
Road, Oxford
Oxford OX2
OX2 6NN,
6NN, UK
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Figure 5:
Reconstructions of Fig.
from 100
100 noisy
noisy parallel
Figure
5: Reconstructions
Fig. 11 from
parallel projections
projections subtending 180°
180° obtained with the
the
ART algorithm
ART
algorithm (right)
(right) with
with and
and (left)
(left) without
without the
the nonnegativity
constraint. The rms noise
nonnegativity constraint.
noise added
added to the
the
projection measurements
measurements is
is 8,
8, which
which isis ten
ten times
times the peak projection value for one of the lowlow-contrast
contrast discs.
These
XQ == 0.2
These reconstructions
reconstructions were
were obtained
obtained with Ao
0.2 and
and r^
ra = 0.8.
0.8.
seen
seento
tobe
be generally
generallyuseful
usefulwith
withthe
thenominal
nominalrelaxation
relaxationfactors,
factors,particularly
particularlywhen
whenthe
thedata
data are
are limited
limited by
by the
the
measurement
optimization, huge
measurement geometry.
geometry. But
But with optimization,
huge improvements
improvementsinin detectability
detectability are
are obtained
obtained in
in these
these
cases.
cases. Very
Very large
large relaxation
relaxation factors
factors are
are preferred,
preferred, in
in fact
fact much
much larger
larger than might
might be
be expected.
expected. However,
However,
when
is realized
realized that the
the nonnegativity
nonnegativity constraint
constraint has
has the
the effect
when itit is
effect of
of undoing
undoing the
the agreement
agreement with
with each
each
measurement
seems reasonable that
measurement that
that should result
result from an update, itit seems
that overrelaxation
overrelaxation is needed.
needed. Neither
Neither
use of nonnegativity
the use
nonnegativity nor
nor the
the optimization has
has much
much benefit
benefit when
when the
the data are complete
complete but noisy.
noisy.

Discussion
some of
imaging situations studied, the
the use
In some
of the
the imaging
use of
of the
the nonnegativity
nonnegativity constraint
constraintininART
ARTsignificantly
significantly
increases the
objects, especially
especially when
increases
the detectability
detectability of objects,
when the
the data consist
consist of
of aalimited
limitednumber
numberofofnoiseless
noiseless

Table
Table 1:1: Summary
Summary of
ofthe
the effect
effectof
ofoptimization
optimizationwith
withrespect
respecttotothe
the detectability
detectability index
index d'
d' on reconstructions
reconstructions
obtained using
using 10
10 iterations
iterations of unconstrained ART.
ART. The optimum operating point
point was found by varying the
parameters
that control
control the
therelaxation
relaxationfactor
factorused
usedininthe
theART
ARTalgorithm,
algorithm,Ao
parameters that
A0 and
and?À,
TA, as
as discussed
discussed in the text.
text.
There
There isis generally
generally little
little improvement observed in detectability.
detectability.

number
proj.
100
100
88
12
12
16
16
16
16
16
16

AO
A0
(deg.)
180
L 180
180
180
180
180
180
180
90
90
180
180

rms
noise
88
00
00
00
00
22

nominal

optimized

AQ
Ao

Ta
TX

d'

Ao
AO

rT X

d'
d>

0.2
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

0.8
0.8
0.8
0.8
0.8
0.8
0.8
0.8
0.8

1.995
0.464
0.871
1.960
1.122
1.653

0.107
0.915
0.427
1.047
1.714
2.247

0.820
0.463
0.729
0.998
0.993
0.635

2.013
0.485
0.932
1.969
1.202
1.662

324 //SP
SPIE
Vol. 1001
1001 Visual
/E Vol.
Image Processing
Processing '88
'88
Visual Communications and Image

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 01/27/2016 Terms of Use: http://spiedigitallibrary.org/ss/TermsOfUse.aspx

reconstruc
on ART reconstrucTable 2:2: Summary
Summary of
ofthe
the effect
effectof
ofoptimization
optimizationwith
withrespect
respecttotothe
the detectability
detectability index
index d' on
Table
reconstruction
geometry limits the reconstruction
measurement geometry
the measurement
When the
tions
tions incorporating
incorporating the
the nonnegativity
nonnegativity constraint. When
possible.
be possible.
to be
seen to
is seen
detectability is
in detectability
improvement in
dramaticimprovement
rather than noise
data,dramatic
noise in the data
number
proj.
100
100
88
12
12
16
16
16
16
16
16

AO
A0
(deg.)
(deg.)
180
180
180
180
180
180
180
180
90
90
180
180

rms
noise
noise
88
00
00
00
00
22

A0
A0

0.2
0.2
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

nominal
nominal
d'
rA
TA
0.8
0.8 1.825
1.825
0.653
0.8 0.653
0.8
2.054
0.8 2.054
0.8
0.8
4.782
0.8 4.782
0.8 2.050
0.8
2.050
0.8 2.372
2.372
0.8

optimized
ao
A0
0.052
0.052
3.450
3.450
2.959
2.959
2.794
2.794
2.782
2.782
3.012
3.012

ra
T-A
0.859
0.859
0.959
0.959
0.975
0.975
0.951
0.951
0.967
0.967
0.712
0.712

d'
1.908
1.908
4.91
4.91
23.46
23.46
40.13
40.13
6.30
6.30
2.747
2.747

initial
projections. Optimization
Optimization isis accomplished
accomplishedbybyvarying
varyingthe
therelaxation
relaxationfactor,
factor,both
bothinin terms
terms of
of its
its initial

obtained
reconstructions obtained
the reconstructions
in the
detectability in
The detectability
number. The
value and
and the
the rate
rate of its decline
with iteration number.
decline with
value
found
It
with constrained
constrained ART
ART isis .dramatically
dramatically enhanced
enhancedby
by the
the optimization
optimization procedure
procedureinin some
some cases.
cases. It is found
with
rms
quality, such as rms
reconstruction quality,
measures of reconstruction
conventional measures
toconventional
respect to
with respect
optimization of ART with
that optimization
differencefrom
fromthe
theoriginal
originalimage,
image,results
resultsininreconstructions
reconstructionswith
withmore
moreartifacts
artifacts and
and lower
lower detectability.
detectability. For
difference
achieved through optimization.
unconstrained
unconstrained ART,
ART, little improvement was achieved
basis of what
image-reconstruction
optimizeimageimportanttotooptimize
It is
reconstruction algorithms
algorithms on
on the basis
concluded that itit isisimportant
is concluded
using the
performed using
be performed
is most
most important,
important, which
which can
can often
often be
be defined
definedinin terms
terms of
ofaa visual
visualtask
task that
that is to be
is
process
imaging process
complete imaging
the complete
of the
simulation of
Carlo simulation
Monte Carlo
on aa Monte
based on
is based
final image.
image. The
The approach taken here is
final
This
from the
the composition
compositionofofthe
the original
originalscene
scenetotothe
the final
final interpretation
interpretation of
of the
the reconstructed
reconstructed image.
image. This
from
can only
method isis consistent
consistentwith
with the
the assertion
assertion that
that an algorithm can
only be
be properly
properly evaluated
evaluated by
by testing
testing itit on
on aa
method
varied.
uncontrollable variables
statistically
meaningful sample
sample of
of trials
trials in
in which
which all
all the
the uncontrollable
variables in
in the problem are varied.
statistically meaningful
effect of
net effect
the net
This
numerical simulation
simulation technique
technique has
has several
severalgreat
great advantages.
advantages. It
It can be used to evaluate the
This numerical
themselves
lendthemselves
not lend
do not
that do
complex scenes
complex
sceneson
onthe
thereconstructed
reconstructed images.
images. ItIt is
is particularly
particularly useful
useful in
in situations
situations that
performance of
optimize the performance
algorithms like
analysis, as
analytic analysis,
to analytic
as in nonlinear algorithms
like constrained
constrained ART.
ART. ItIt can optimize
of
by
directly by
addressed directly
be addressed
cannot be
issues cannot
These issues
iterations. These
number of iterations.
iterative
iterative algorithms
algorithmsfor
for an
an arbitrary
arbitrary number
numerical
Carlo numerical
Monte Carlo
the Monte
on the
relying on
of relying
disadvantage of
major disadvantage
The major
theoretical approaches
theoretical
approaches to
to optimization.
optimization. The
generalizations are
and generalizations
imaging situation
specific imaging
the specific
only to the
applies only
technique isis that
technique
that each result applies
situation tested and
seldom possible.
seldom
possible.
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